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We present first-principle lattice study of the two-dimensional SU(N)× SU(N) Principal Chiral
Model (PCM) on the cylinder R × S1 with variable compactification length L0 of S1 and with
both periodic and ZN -symmetric twisted boundary conditions. For both boundary conditions our
numerical results can be interpreted as signatures of a weak crossover or phase transition between
the regimes of small and large L0. In particular, at small L0 thermodynamic quantities exhibit
nontrivial dependence on L0, and the static correlation length exhibits a weak enhancement at
some “critical” value of L0. We also observe important differences between the two boundary
conditions, which indicate that the transition scenario is more likely in the periodic case than in the
twisted one. In particular, the enhancement of correlation length for periodic boundary conditions
becomes more pronounced at large N , and practically does not depend on N for twisted boundary
conditions. Using Gradient Flow we study non-perturbative content of the theory and find that the
peaks in the correlation length appear when the length L0 becomes comparable with the typical size
of unitons, unstable saddle points of PCM. With twisted boundary conditions these saddle points
become effectively stable and one-dimensional in the regime of small NL0, whereas at large NL0 they
are very similar to the two-dimensional unitons with periodic boundary conditions. In the context
of adiabatic continuity conjecture for PCM with twisted boundary conditions, our results suggest
that while the effect of the compactification is clearly different for different boundary conditions,
one still cannot exclude the possibility of a weak crossover separating the strong-coupling regime at
large NL0 and the Dunne-U¨nsal regime at small NL0 with twisted boundary conditions.
I. INTRODUCTION
The innovative idea of resurgent trans-series has re-
cently allowed to better understand the structure of per-
turbative expansions for asymptotically free quantum
field theories, such as four-dimensional gauge theories
and two-dimensional sigma models. In particular, for
two-dimensional sigma models resurgent trans-series pro-
vide a precise interpretation of the factorial non-Borel-
summable infrared renormalon divergences of perturba-
tive series [1–5]> in terms of saddle points of the classical
action, even if they are non-topological, unstable and/or
complex-valued.
However, at present this interpretation of infrared
renormalon divergences can be explicitly worked out
only for quantum field theories with compactified spa-
tial direction Rd−1 × S1, in which the fields satisfy cer-
tain twisted boundary conditions. The compactification
length L0 should be sufficiently small with NL0Λ 2pi,
where Λ is the dynamically generated energy scale and N
is the rank of the symmetry group. In this limit the the-
ory is in the weakly coupled regime while still exhibiting
non-perturbative features such as dynamically generated
∗ This paper includes PDF tooltips for citations. Please hover the
mouse over the > symbol after citations to see a tooltip with
bibliographic information.
† pavel.buividovich@physik.uni-regensburg.de
‡ semen.valgushev@ur.de
mass gap. This defines the so-called U¨nsal-Dunne regime,
which allows for explicit construction of trans-series.
The so-called continuity conjecture states that the
U¨nsal-Dunne regime at small L0 is analytically connected
to the strongly coupled regime at large L0 [3, 4]
>, in
which boundary conditions become irrelevant and the
physics is equivalent to the low-temperature phase with
periodic boundary conditions. This conjecture is based
on the observation that the physical properties of gauge
theories and sigma models appear to be qualitatively very
similar in both U¨nsal-Dunne regime and in the genuine
strong-coupling regime at small temperatures or large
compactification length.
The continuity conjecture is closely related to the
Eguchi–Kawai (EK) reduction in lattice field theory [6–
8]> where the full theory is suggested to be equivalent
to twisted single site model in the large N limit. It is
known that the original EK reduction without twist [6]>
does not work due to spontaneous breaking of the cen-
ter symmetry ZdN [9]>. Considering EK reduced model
as a result of continuous dimensional reduction from
large to very small lattices it is evident that this sym-
metry breaking is manifestation of deconfinement phase
transition happening when the torus is sufficiently small
L0Λ ∼ 1 [10, 11]>. A possible solution is to introduce
the twisted boundary conditions which preserve center
symmetry and prevent it from spontaneous breaking,
thus suppressing the deconfinement transition and al-
lowing for analytic (or volume independent) connection
between the regimes of small and large L0. However,
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2lattice simulations of twisted EK reduced model indi-
cate that spontaneous symmetry breaking can still oc-
cur and pose the question of the existence of the con-
tinuum limit [12]>, although it seems that these difficul-
ties can be overcome [8]>. Possible ways of stabilizing
center symmetry in gauge theories are the special defor-
mations of the gauge action [13]> or the introduction of
adjoint fermions [14]>, which effectively induce center-
preserving holonomies along the compactified directions.
These ideas were important to formulate the continuity
conjecture in PCM.
In two-dimensional sigma models the prescription for
ZN -preserving twist Ω ∈ SU(N) reads as:
TrΩn =
{
N, n ≡ 0 modN
0, otherwise
. (1)
This operator either projects excited states out or pro-
vides a phase shift which leads to mutual cancellations
between distinct states in the partition function. Since a
lot of excited states do not contribute at all to the twisted
partition function [15]>, one can hope that the deconfine-
ment transition is eliminated [3, 4]>. However, to turn
continuity conjecture into a precise statement, one should
demonstrate that no phase transition or crossover occur
as the compactification length L0 changes from large val-
ues NL0Λ  2pi to small values with NL0Λ  2pi. At
present a rigorous analytic demonstration of this fact is
still lacking due to the absence of reliable analytic meth-
ods for strongly coupled quantum field theories. No-
table exceptions are the exactly solvable large-N CPN−1
and O(N) non-linear sigma-models for which an explicit
demonstration has been worked out [15]>. However, for
Principal Chiral Model (PCM) which is especially inter-
esting due to its matrix-like planar limit very similar to
that of QCD the problem clearly calls for first-principle
simulations.
Unfortunately, not much is known about thermody-
namic properties of PCM in general, although this model
is integrable and many exact results can be obtained us-
ing bootstrap techniques [16–20]>. One of the reasons is
that for PCM there is no obvious local parameter which
can be used to characterize the “deconfinement” phase
transition, rendering analytic and lattice studies very dif-
ficult. Recently a thermodynamic Bethe ansatz has been
proposed in order to investigate thermodynamic proper-
ties [21]>, however without definite conclusions so far.
In this work we test continuity conjecture for the two-
dimensional SU(N) × SU(N) PCM using first-principle
Monte-Carlo simulations. We study several characteristic
quantities such as static correlation length, mean energy
and specific heat and demonstrate that they exhibit qual-
itatively different dependence on the length of the com-
pact direction L0 with periodic (Section III) and twisted
(Section IV) boundary conditions. In both cases we find
some evidence for a transition/crossover which however
posses very different features: while for periodic bound-
ary conditions this might be a finite-temperature tran-
sition (probably similar to deconfinement in QCD), for
twisted boundary conditions this is at most a crossover
with respect to the combined length parameter ρ ≡ NL0.
Furthermore, in Section V we use Gradient Flow [22]>
to evolve the field configurations sampled by Monte-Carlo
process towards the saddle points of the classical action,
and demonstrate that the resulting “almost classical”
field configurations feature localized non-perturbative
objects which resemble the uniton and fracton saddle
points known for continuum PCM [3, 4]>. Twisted
boundary conditions stabilize those saddle points and, as
expected, lead to the emergence of effective topological
sectors [3, 4]>. We also find that geometric properties of
non-perturbative objects strongly change in the region of
the possible phase transition or crossover for both bound-
ary conditions.
II. SIMULATION SETUP AND OBSERVABLES
The lattice action of the two-dimensional SU(N) ×
SU(N) PCM can be written as:
S [U (x)] = −2βN
∑
x,i
Re Tr
[
U (x)U† (x + ei)
]
, (2)
where β ≡ λ−1 = 1/(g2N) is an inverse of the t’Hooft
coupling λ and ei is a unit lattice vector in direction i.
We have used lattices of the size L0 ×L1 with boundary
conditions (BC) defined as:
U (x0 + L0, x1) = Ω0U (x0, x1) Ω
†
0,
U (x0, x1 + L1) = U (x0, x1) , (3)
where matrix Ω0 determines the type of boundary con-
ditions:
Ω0 =
{
I, for periodic BC (PBC)
Ω, for twisted BC (TBC)
. (4)
The twist matrix Ω has the following form:
Ω = ei
pi
N νdiag{1, ei 2piN , · · · , ei 2pi(N−1)N }, (5)
where ν = 0, 1 for N odd, even. It is easy to see that Ω
satisfies the equation (1).
We employed the standard Cabbibo-Marinari algo-
rithm [23]> in order to stochastically sample field
configurations U(x) according to Boltzmann weight
exp (−S [U (x)]) with the action (2). One Monte-Carlo
update of the field configuration was implemented by ap-
plying the heat bath algorithm to all SU(2) subgroups
of all U(x) matrices. Each Monte-Carlo step was fol-
lowed by overrelaxation step [24]> in order to decrease
auto-correlation time. Error analysis was carried out us-
ing jacknife and bootstrap techniques. In order to test
our code, we have reproduced several data points from
the previous PCM simulations of [25]> with very high
precision.
We performed calculations for β = 0.332, N =
6, 9, 12, 18 and spatial lattice sizes L1 = 108 and, for
3N = 18, L1 = 200, which we found to be sufficiently large
compared to zero-temperature static correlation length
taking values in the range ξ0 = 10 . . . 12 (for different
N) in our simulations. For each value of N and type
of boundary conditions we have simulated at multiple
values of the compactification length L0 in the intervals
1 ≤ L0 ≤ L1 for periodic and twisted boundary condi-
tions, respectively.
In order to study basic thermodynamic properties, we
have computed the mean energy
E = 1− 1
4N2
∂F
∂β
=
= 1− 1
N
〈
Re Tr
[
U (x)U† (x + ei)
]〉
(6)
and specific heat
C =
1
N
dE
dg2
. (7)
In order to compute the static correlation length we rely
on the observation that in the weak-coupling regime for
sufficiently small values of lattice momenta as compared
to the dynamically generated mass gap the Fourier trans-
form of the group invariant correlation function G(x) can
be with a good precision approximated by the free scalar
propagator [25]>:
G˜(k) ' ZG
M2 + 4 sin2 (k0/2) + 4 sin
2 (k1/2)
, (8)
where ZG is the wave-function renormalization constant.
From this equation one obtains an expression for static
correlation length ξ in terms of the momentum-space cor-
relator at the two lowest values of lattice momenta:
ξ2 =
1
4 sin2 (pi/L)
[
G˜(0, 0)
G˜(0, 1)
− 1
]
. (9)
Alternatively, correlation length can be computed with
the standard exponential fits of wall-wall correlators and
we have checked that numerical values for ξ obtained in
both ways agree with a high precision.
Similarly to the two-dimensional lattice gauge theory
[26]>, lattice PCM undergoes the large N phase transi-
tion from strong to weak coupling phase at βc = 0.305
[25, 27, 28]>, which in this case is a second-order tran-
sition at which the specific heat diverges and the dis-
tribution of eigenvalues λ = eiφ of the link matrices
U (x)U† (x + ei) develops a gap. Continuum scaling of
different observables such as mass gap already sets up in
the vicinity of the critical coupling β & βc [25, 27]>. For
our simulations we have chosen the value β = 0.332 suf-
ficiently deep in the weak coupling phase. To check that
with this value of coupling we are sufficiently to the con-
tinuum limit, we have observed the asymptotic scaling of
zero-temperature static correlation length ξ0 (measured
on lattices with L0 = L1 for N ≥ 9) in the so-called βE
scheme [27]>:
ξ(E) =
0.991
16pi
e
2−pi
4
√
Eepi/E . (10)
While the constraints in CPU time available for our sim-
ulations have forced us to work at a single value of β, in
future work it would be also desirable to check the con-
tinuum scaling of correlation length and thermodynamic
observables by performing simulations at several values
of β.
In order to exclude possible large N phase transition
to physically irrelevant strong coupling phase as the com-
pactification length varies in the range L0 = 1 . . . L1, we
have studied angle distribution of eigenvalues of link ma-
trices U (x)U† (x + ei) and found that it remains gapped
and almost unchanged for all directions i and boundary
conditions at all values of L0. This suggests that finite
temperature transition which we discuss below has dif-
ferent nature and seems to be a feature of continuum
theory.
In order to better visualize important properties of our
physical observables we have normalized them with re-
spect to the corresponding zero temperature values at
periodic boundary conditions and the same N :
O0 ≡ O(L0 = L1,PBC), (11)
where O is some physical observable, and depict the rel-
ative change rather than the value itself:
∆O(L0)
O0
≡ O(L0)−O0
O0
. (12)
This normalization is motivated by the fact that all ob-
servables admit non-trivial 1/N corrections which render
straightforward comparison at different N not very il-
lustrative. Note also that identical normalization allows
to conveniently compare the physics for both types of
boundary conditions. We have also performed fits to the
lowest-order 1/N expansion:
O(L0, N) = O˜(L0) + c1/N
2 (13)
in order to estimate infinite N values O˜(L0), which are
also presented on our figures. Very high precision of the
numerical data for the mean energy also allowed us to
include the terms of order 1/N4 into the fitting func-
tion (13) for this observable. In order to calculate the
relative changes (12) in the limit N → ∞, we perform
separate large-N extrapolations of the form (13) both for
O0 ≡ O(L0 = L1,PBC) in the denominator and for the
finite-temperature value O(L0) in the numerator, which
typically results in a smoother extrapolation. Further-
more, when plotting the data points as functions of the
compactification length L0, we express L0 in units of
zero-temperature static correlation length ξ0 calculated
with the same N as the data. This rescaling should allow
to compare our current data with prospective simulations
at other values of coupling as well as with calculations for
continuum PCM.
4III. PERIODIC BOUNDARY CONDITIONS
AND THE FINITE-TEMPERATURE
“DECONFINEMENT” TRANSITION
To study possible transition between low-temperature
and high-temperature regimes, which correspond to large
and small compactification length L0 with periodic
boundary conditions, on Fig. 1(a) we first illustrate the
dependence of the static correlation length ξ on L0. At
all values of N the correlation length stays almost con-
stant for large values of L0, then exhibits statistically
significant growth in the range L0/ξ0 = 3 . . . 5, and fi-
nally decreases for smaller L0, seemingly reaching some
finite value at L0 → 0. The position of the maximum
of correlation length slowly shifts to smaller values when
N is increased. For the data points extrapolated to infi-
nite N the peak lies approximately at Lc0/ξ0 ≈ 3.5. An
important point to stress that in contrast to e.g. CPN
sigma model, for the principal chiral model the transition
temperature remains finite in the large-N limit, as also
indicated by the recent Diagrammatic Monte-Carlo simu-
lations directly in the large-N limit [29]>. This property
is also expected for large-N gauge theories [30]>.
At the same time, the maximal value of the peak shows
tendency to grow with N and its width seems to decrease.
Extrapolations to the large-N limit using the fits of the
form (13) at fixed values of L0 suggest that the maximal
value of ξ remains finite in the large N limit. Further-
more, even upon the large-N extrapolation the enhance-
ment of the correlation length appears to be very weakly
pronounced: the relative change in ξ is of order of 5%.
Simulations at larger volumes (L1 = 200) also reveal a
rather small (∼ 2%) enhancement of ξ with volume, see
the left plot on Fig. 2.
The emergence of such a peak structure and clearly dis-
tinct behaviour of correlation length at small and large
L0 are suggestive of a finite-temperature phase transition
or crossover. This transition also manifests itself in the
distinct behaviour of thermodynamic observables at low
and high temperatures. In particular, both the mean en-
ergy E(L0) and the specific heat C take almost constant
values when L0 > L
c
0 and then decrease in the region
L0 < L
c
0, see Fig. 3 for illustration.
However, not much is known on the nature of this
transition. The observed scaling with N and L1 suggest
that the finite-temperature transition is rather weak, but
cannot completely distinguish between the weak phase
transition and crossover. A more detailed combined
study of the finite-volume and finite-N scaling is required
to make a definite conclusion about the order of this
finite-temperature transition, which we leave for future
work. A recent Diagrammatic Monte-Carlo study [29]>
at N → ∞ limit also indicated the relatively weak en-
hancement of correlation length at the same critical value
of L0, but did not completely exclude the possibility of
divergent correlation length at the transition point.
On the general grounds in analogy with other asymp-
totically free theories one might expect a “deconfine-
ment” phase transition associated with effective libera-
tion of SU(N) degrees of freedom at sufficiently high tem-
perature. For gauge theories, the deconfinement transi-
tion is typically associated with the breaking of the global
ZdN center symmetry, with Polyakov loop being the local
order parameter. In contrast, for principal chiral model
even an approximate local order parameter which would
allow to distinguish the “confinement” and the “decon-
finement” phases is not known. In principle, any kind of
phase transition should result in a non-analytic behavior
of the free energy F ∼ − lnZ, which for the deconfine-
ment transition in PCM is expected to behave as [4]>
lim
N→∞
F/N2 ∼
{
1, L0Λ 1,
0 L0Λ 1. (14)
While a direct calculation of the free energy is nontrivial
in Monte-Carlo simulations, first-order transitions typi-
cally result in a characteristic double-peak structure of
the action probability distribution with unequal peak
heights [31]>. Our numerical data for the mean en-
ergy does not exhibit any double-peak structure, which
disfavours the first-order phase transition scenario (al-
though not excluding it completely, as one might need
very high statistics to distinguish the two peaks).
In the context of large-N volume independence our re-
sults suggest that correlation length, mean energy and
specific heat do not depend on the lattice size as long as
it is much larger than the typical correlation length, in
close analogy with large-N gauge theories [10, 11]>. The
deviations from volume independence only become signif-
icant in the vicinity of the transition point or crossover.
IV. TWISTED BOUNDARY CONDITIONS AND
THE TRANSITION TO U¨NSAL-DUNNE REGIME
We start the discussion of the principal chiral model
with twisted boundary conditions (3) by presenting our
results for the static correlation length (9) on Fig. 1(b).
If we plot ξ as a function of L0, we again clearly see
two distinct regions separated by a peak of ξ: when L0
is large the correlation length ξ(L0) coincides with zero-
temperature value ξ0 (11). At intermediate values of L0
ξ exhibits a statistically significant growth, and in the re-
gion of small L0 it decreases again, finally reaching some
finite value. Note that the maximal relative change of
ξ is of the same order as in the case of periodic BC:
approximately 5%. However, apart from the existence
of the peak, the dependence of correlation length on L0
and N seems to be very different from the case of peri-
odic BC. In particular, the peak height does not depend
on N within statistical errors, and its position shifts to
smaller L0 as N is increased. The fits of the form (13)
have rather poor quality for data points with fixed L0.
Let us now recall that due to the properties (1) of the
twist matrix the group-invariant correlation function are
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FIG. 1. Relative change of correlation length ∆ξ/ξ0 as a function of compactification length L0 for different boundary conditions
and values of N . In the plots at the top, we illustrate the dependence of the correlation length on the natural compactification
scales: L0 for PBC and NL0 for TBC. The plots at the bottom illustrate how the peak in the correlation length with TBC
shifts to smaller L0 as N is increased. For periodic boundary conditions, extrapolations to infinite N are obtained using the
fits of the form (13).
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FIG. 2. Volume dependence of the correlation length ξ in the vicinity of the peak for periodic and twisted boundary conditions
for N = 18.
periodic on the cylinder R× S1 with effective size of S1
ρ ≡ NL0. (15)
In other words, the twist effectively increases the volume
accessible to the system by a factor of N and lowers the
“temperature”, which is a pre-requisite for the twisted
Eguchi-Kawai reduction [13]>. This property suggests
that one should compare the data for twisted and peri-
odic boundary conditions by identifying the compactifi-
cation lengths as NLTBC0 = L
PBC
0 .
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FIG. 3. Relative changes of the mean energy ∆E/E0 (left plot) and the specific heat ∆C/C0 (right plot) as functions of
compactification length L0 for different values of N and boundary conditions. The N → ∞ data for the mean energy are
obtained using extrapolations of the form E(N) = E˜ + c1/N
2 + c2/N
4 at fixed L0.
Plotting the static correlation length as a function of ρ
on the right plot on the top of Fig. 1, we observe a rather
clear collapse of data points with different N towards
a single curve, which features a peak at ρc/ξ0 ≈ 9. At
ρ > ρc we find good agreement with data for periodic BC
at zero temperature. Infinite-N extrapolations using the
fits (13) yield only very minor corrections to this picture.
Increasing the spatial lattice size to L1 = 200 at N = 18,
we do not observe a significant enhancement of the corre-
lation length beyond statistical errors, see the right plot
on Fig. 2. We note here that the statistical errors in the
correlation length appear to be larger for the twisted case,
although we have almost two times more data points in
this case. Unfortunately, large statistical errors do not
allow us to make a definite conclusion on whether the
enhancement of correlation length at L1 = 200 is larger
for periodic or for twisted boundary conditions. We can
only say that for twisted case the change in the correla-
tion length cannot be much larger than for periodic case.
 0
 5
10
15
 2  4  6  8  10  12  14  16  18  20
ΔE
/E
0 
x 
10
4
N L0 / ξ0
N = 6
N = 9
N = 12
N = 18
N → ∞
FIG. 4. Relative change of mean energy ∆E/E0 for twisted
boundary conditions and different values of N represented as
a function of ρ ≡ NL0.
As one can see from Fig. 3, with twisted boundary con-
ditions the mean energy and the specific heat practically
do not depend on the compactification length down to
the values of L0 which roughly correspond to the posi-
tion of the peak on Fig. 1(b). In contrast to the case of
periodic boundary conditions, at small L0 the mean en-
ergy E(L0) increases. The data for specific heat C(L0)
has quite large statistical errors which probably do not
allow to see non-trivial behavior on lattices L0 > 1. Nev-
ertheless, with smallest compactification length L0 = 1
we again observe an increase of C compared to zero tem-
perature.
If we fix L0 and fit the N dependence of ∆E/E0 us-
ing (13), it extrapolates to zero in the large-N limit for
all values of L0 which we consider (L0 ≥ 2). This ob-
servation supports the volume independence property at
ρ > ρc. On Fig. 4 we also plot the mean energy as a
function of ρ. In agreement with volume independence
property, for ρ > ρc the values of ∆E/E0 are consistent
with zero within statistical errors. However, in contrast
to correlation length, for smaller values of ρ different data
points for the mean energy do not collapse. This suggests
that for small values of ρ long-distance quantities such as
correlation length and local quantities such as mean en-
ergy might exhibit different scaling with N .
To summarize, with twisted boundary conditions we
also observe some signatures of a nontrivial transition
between the regimes of small and large compactification
lengths which is controlled by a combined parameter
ρ ≡ NL0. Considered as a function of the compacti-
fication length L0, this transition shifts to smaller and
smaller L0 as N is increased (see the left plot in the
bottom of Fig. 1), eventually approaching the zero ra-
dius limit at N → ∞ and thus effectively disappearing.
A similar behavior was found for the scale of dynami-
cal symmetry breaking in gauge theories with unbroken
center symmetry [32]>. At ρ > ρc physical observables
practically do not depend on the lattice size, as could be
7expected for twisted Eguchi-Kawai reduction. The most
important differences with the finite-temperature transi-
tion considered in the previous Section III are, first, the
independence of the height of the peak in the correlation
length on N , and, second, the growth of the mean en-
ergy at small ρ, along with its nontrivial scaling with N .
We will discuss these differences in more details in the
concluding Section VI.
V. NON-PERTURBATIVE SADDLE POINTS
Non-perturbative saddle points of the action in the
path integral are one of the cornerstones of the physical
applications of resurgence theory. In particular, facto-
rial divergences in perturbative series which character-
ize small field fluctuations around non-perturbative sad-
dles cancel similar divergences in perturbative expansion
around the trivial vacuum saddle, thus allowing to com-
plete the so-called resurgent triangle. To ensure that
resurgent trans-series of the twisted compactified PCM
in the U¨nsal-Dunne regime can be analytically contin-
ued to the low-temperature strongly coupled regime, it
is also important to understand how the saddle points
which dominate the path integral and enter the resur-
gent triangle change in the process of compactification
from L0 →∞ to L0  2pi (ΛN)−1.
To study the features of the dominant saddle points in
the path integral, we select randomly the field configura-
tions generated in Monte-Carlo simulations, and evolve
them along the path of the steepest descent towards one
of the saddle points in its vicinity using the Gradient
Flow equations [22]>:
∂U (x, τ)
∂τ
= − i
βN
∇axS [U (x, τ)] Ta U (x, τ) ,
U (x, τ = 0) ≡ U(x), (16)
where τ is the flow time and ∇ax is the SU (N) Lie deriva-
tive with respect to U (x):
∇axf [U (y, τ)] =
d
ds
f
[
eisTaδx,yU (y, τ)
]∣∣∣∣
s→0
. (17)
Here the SU (N) group generators T a are Hermitian and
traceless matrices normalized as tr (TaTb) = δab. The
advantage of using the Gradient Flow instead of other
smoothing procedures such as smearing or cooling is that
the Gradient Flow is continuous and reversible with re-
spect to the flow time τ , therefore it can be considered
as a well defined change of the variables in the partition
function which preserves all physical information encoded
in the initial field configuration and at the same time en-
sures that in terms of the flow-evolved variables U (x, τ)
the partition function is dominated by smooth configu-
rations [22]>.
We have numerically solved equations (16) using
Runge–Kutta discretization scheme described in [22]>
with the time step dτ = 0.1 and initial conditions
U (x, τ = 0) selected randomly from field configuration
generated by Monte-Carlo process. We have continued
the Gradient Flow up to the final flow time τf = 1.5×103.
In order to characterize the features of smoothed con-
figurations we have considered the total action S given
by (2), as well as the local action density
S(x, τ) =
= βN
∑
i
(
N − Re Tr [U (x, τ)U† (x± ei, τ)]) (18)
normalized such that it is zero for vacuum configuration
with U(x) = I.
Since on a finite lattice the continuum saddle points
such as unitons and fractons [3]> are only approximate
solutions to the saddle point equations, during the Gra-
dient Flow evolution they appear as meta-stable states
which are eventually destroyed. Nevertheless, within
characteristic plateaus and not very large flow times the
smoothed fields are expected to properly reflect the ba-
sic properties of the continuum saddle points (such as
e.g. ZN -valued holonomies or phases, or topology in
gauge theories). For instance, point-like objects should
appear in the profile of the actions density as pronounced
lumps of action density on the smooth background. For
very large flow times and in a finite volume this corre-
spondence between smoothed fields and continuum sad-
dle points is lost since Gradient Flow can be considered
as a diffusion process which strongly entangles all degrees
of freedom and spreads them uniformly on the lattice.
The fracton and uniton saddles which appear in the
path integral of continuum two-dimensional PCM do not
have an intrinsic topological structure due to the fact
that pi2[SU(N)] = 0, in contrast to QCD and non-linear
CPN−1 model. The absence of topological charge makes
lattice studies of these non-perturbative objects more dif-
ficult and leaves the local action density (18) as the only
scalar field which can characterize them in a simple and
universal way.
In order to characterize the localization of action den-
sity for saddle point solutions, we have used the inverse
participation ratio (IPR):
IPR (τ) = V
〈 ∑
x
S˜2(x, τ)(∑
x
S˜(x, τ)
)2
〉
, (19)
S˜(x, τ) = S(x, τ)−min
x
S(x, τ), (20)
where S˜(x, τ) is the action with subtracted constant
background, V = L0L1 is the lattice volume and averag-
ing over smoothed field configurations at the same flow
time is implied. By construction, this quantity takes the
maximal value IPR = V when the action density is lo-
calized on a single lattice site and reaches the minimal
value IPR = 1 when it is everywhere constant. A very
useful property of IPR is that it scales as 1/n if there are
n similar localized objects in the action density. In gen-
eral, it gives the inverse fraction of the volume occupied
8by the support of S(x, τ), thus it can serve as a measure
of action density localization.
To present our results for periodic boundary condi-
tions, on Fig. 5 we first plot a typical dependence of
the total action S [U (x, τ)] of smoothed field configura-
tions U (x, τ) on the Gradient Flow time τ , where sev-
eral different lines represent independent Gradient Flows
with different initial conditions U (x, τ = 0) ≡ U (x). We
observe that the total action starts from large values
at initial moment of time and then rapidly decreases
down to zero approximately at τ ≈ 1.5 × 103. For
some initial conditions, the decay of the action with
the flow time becomes somewhat slower in the range
τ = (0.4 . . . 0.8) × 103, so that sometimes a kind of
“plateau” is formed.
Typical profiles of the action density of the smoothed
fields taken at the characteristic “plateau” time τ =
0.5 × 103 are presented on the Fig. 8(a) and Fig. 8(c)
for large and small compactification lengths L0, accord-
ingly. For large compactification length L0 the action
density indicates the presence of some point-like objects
which manifest themselves in pronounced action lumps
with the size smaller than the length of the compact di-
rection, whereas at compactification lengths smaller than
the critical length as defined by the enhancement of static
correlation length the saddle points become effectively
flat along the compact direction.
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FIG. 5. Dependence of the total action S of smoothed config-
urations U (x, τ) (16) on the Gradient Flow time τ with pe-
riodic boundary conditions for N = 6, 9. Multiple solid lines
represent independent Gradient Flows with different initial
conditions U (x, τ = 0) = U (x) chosen randomly from field
configurations generated by Monte-Carlo process. The black
dashed line represents the continuum action Su = 8piβN of
the uniton.
Presumably, the particle-like objects which we observe
in the large volumes can be associated with unitons, the
well know unstable saddle points of the PCM. Unitons
are harmonic maps S2 → SU(N) [33]>, where S2 is ob-
tained from R2 by including the point at infinity. Uniton
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FIG. 6. Comparison of the total action S of smoothed config-
urations U (x, τ) (16) as a function of the Gradient Flow time
τ for periodic and twisted boundary conditions at N = 6 and
compactification length satisfying NLTBC0 = L
PBC
0 . Multiple
solid lines represent independent Gradient Flows with differ-
ent initial conditions U (x, τ = 0) = U (x) chosen randomly
from field configurations generated by Monte-Carlo process.
The black dashed line represents the continuum action Su =
8piβ of the uniton. Long-dashed lines of magenta color rep-
resent extrapolated plateau values Sp(n) = nSp(n = 1) for
twisted boundary conditions, which presumably correspond
to fracton saddle points with the action Sf = Su/N .
solutions have the action which is quantized in units of
Su =
8pi
g2
= 8piβN (21)
even in the absence of any well-defined topological
charge. Within characteristic plateaus during the Gra-
dient Flow evolution, the action is clearly proportional
to N (see Fig. 5 for illustration), and agrees with 8piβN
(8piβ = 8.34 for our β = 0.332) within approximately
30% uncertainty. In fact, one can’t expect much bet-
ter agreement due to non-zero contribution of ultraviolet
fluctuations and renormalization of the coupling β along
the flow time. Here we do not consider the effect of this
renormalization, since numerical extraction of renormal-
ized β would be quite complicated technically and is out
of the scope of this work. The unstable nature of the uni-
ton saddles qualitatively agrees with relatively short “life-
time” of the non-perturbative objects which our Gradient
Flow study reveals in the path integral of the PCM.
We further illustrate the dependence of the IPR (19) on
N and L0 with periodic boundary conditions on Fig. 7(a).
The Gradient Flow time is fixed to τ = 0.7× 103. In the
low temperature region the IPR features a rather wide
peak, and takes larger values as compared to high tem-
perature phase. The presence of the peak suggests that
non-perturbative objects become more localized at these
values of L0. The maximum location strongly depends on
N and the flow time: we find that for larger flow times
the peak moves towards larger L0 with the shift being
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FIG. 7. IPR (19) for smoothed field configurations at Gradient Flow time τ = 0.7 × 103 with periodic and twisted boundary
conditions at different N .
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FIG. 8. Typical action density S(x0, x1) of smoothed field configurations U (x, τ) (16) taken at Gradient Flow time τ = 0.5×103
with periodic and twisted boundary conditions and different compactification length L0 at N = 9.
stronger for smaller N , which suggests that it is not di-
rectly related to the possible “deconfinement” transition
discussed in Section III.
Let us now turn to the Gradient Flow analysis of
field configurations with twisted boundary conditions.
We find that in large volume the picture is similar to
the one for periodic boundary conditions. For U¨nsal-
Dunne regime at small L0 we present the total action of
smoothed field configurations as a function of the Gra-
dient Flow time on Fig. 6 where we observe an impor-
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tant difference: there appear a number of well separated
and very stable plateaus in the dependence of the ac-
tion on the flow time, with very few transitions between
them. With a rather good precision the action on these
plateaus appears to linearly proportional to the plateau
number, Sp(n) = nSp(n = 1), which hints at the emer-
gence of effectively stable non-perturbative saddle points
with quantized action. As for Monte-Carlo configura-
tions the number of non-perturbative objects and hence
plateaus which we observe is typically random, on Fig. 6
we also plot some extrapolated plateau values for larger
n.
The emergence of the new type of non-perturbative ob-
jects for twisted boundary conditions could be expected,
since the twist introduces non-trivial potential on SU(N)
manifold effectively modifying it to the maximal torus
U(1)N−1 at low energies smaller that 1/(L0N). This
potential has isolated minima with associated tunneling
events between them which should appear as stable sad-
dle points in Euclidean semi-classical description where
stability is ensured by winding on the maximal torus
[3, 4]>. These winding numbers are responsible for the
emergent topological structure and the stability of non-
perturbative saddles in the U¨nsal-Dunne regime.
If we follow the twisted Eguchi-Kawai reduction pre-
scription and identify compactification lengths with pe-
riodic and twisted boundary conditions as LPBC0 =
NLTBC0 ≡ ρ, then from Fig. 6 we find that lowest plateau
action in twisted case is approximately N times smaller
than the uniton plateau action. Taking into account that
uniton action is proportional to N , one can conclude that
the lowest plateau actions is independent of N with
STBCp (NL0) = S
PBC
p (L0)/N (22)
at fixed L0. This suggests the identification of these
plateaus in the action with fracton saddle points, which
are expected to carry the action
Sf = Su/N = 8piβ (23)
and non-trivial Kaluza-Klein (KK) momentum ξKK =
−2pik/L0 [3, 4]>. Counterparts of these stable fracton
saddle points are well known in twisted CPN−1 model
[34]>: while in the large volume limit the details of
boundary conditions should be irrelevant for instantons,
with compactification length smaller than the size of in-
stanton they split up to N fracton constituents which
carry fractional topological charge proportional to 1/N .
Solutions of CPN−1 equation of motions can be lifted
to solutions of PCM equations of motion, therefore ap-
plying this procedure to CPN−1 instanton one yields in
compactified U¨nsal-Dunne regime PCM unitons fraction-
alized into N effectively stable constituents [3, 4]>.
Typical action density profiles of non-perturbative ob-
jects by the Gradient Flow are given on Fig. 8(b) and
Fig. 8(d) for large and small compactification length, cor-
respondingly. As expected, we find that in the large vol-
ume non-perturbative objects are very similar to those
with periodic boundary conditions. In contrast, saddles
in the U¨nsal-Dunne regime with twisted boundary con-
ditions are characterized by a much larger action than in
the case of periodic boundary conditions with the same
L0, and are quite strongly localized.
However, we could not clearly observed the predicted
fractionalization of unitons into N fractons in the U¨nsal-
Dunne regime. Rather, the maximal number of peaks
which we have found in smoothed configurations have
never exceeded ∼ 3 regardless of N . As such, however,
this is not a contradiction, since the number of peaks in
the action density of smoothed configurations does not
necessarily coincide with the number of fractional con-
stituents of non-perturbative saddle points. With unim-
proved action, these constituents typically attract each
other and eventually merge during the smoothing pro-
cess [35]>, sometimes before they become visible in the
background of ultraviolet fluctuations.
The dependence of the IPR (19) of the non-
perturbative saddle points with twisted boundary con-
ditions is illustrated on Fig. 7(b). The IPR exhibits a
rather sharp peak structure at intermediate values of
ρ = NL0, with the peak height being approximately
independent of N . In contrast to periodic case, this
peak moves approximately to the position of the peak
in the static correlation length and at the same time be-
comes smaller and narrower as flow time becomes larger.
This coincidence of peaks in IPR and the static corre-
lation length might indicate some nontrivial rearrange-
ment of non-perturbative objects in the process of tran-
sition to the Dunne-U¨nsal regime. We note, however,
that even for the simplest model of the ideal gas of ex-
tended non-perturbative objects the IPR might exhibit
non-monotonic behavior which is just the reflection of the
competition of two scales - the lattice size and the char-
acteristic size of non-perturbative objects. Thus while
the sharp peak in the IPR on Fig. 7(b) might be an in-
dication of some nontrivial transition in the structure of
non-perturbative saddles, this indication should not be
considered as conclusive.
VI. CONCLUSIONS
In this paper we have studied possible signatures of
a crossover or a phase transition between the regimes
of small and large compactification lengths L0 for the
two-dimensional SU (N)×SU (N) principal chiral model
(PCM) both with periodic and with twisted boundary
conditions. By analogy with other asymptotically free
field theories one expects some kind of “deconfinement”
transition for periodic boundary conditions [4]>. Accord-
ing to the adiabatic continuity conjecture, the twist is
expected to eliminate this transition [3, 4, 15]>, so that
the regimes of small and large compactification lengths
can be analytically related.
In the absence of well-defined local order parameters
such as e.g. Polyakov loop, we have considered universal
physical observables which can characterize phase tran-
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sitions regardless of the symmetries of the system: mean
energy, specific heat and static correlation length. We
have found that for both types of boundary conditions
these quantities behave in a way which is compatible with
the signatures of a rather weak crossover or a phase tran-
sition: mean energy and specific heat exhibit monotonic
growth/decrease with compactification length once it is
sufficiently small, and the static correlation length is en-
hanced near some “critical” compactification length.
An important difference between the two boundary
conditions is that for periodic boundary conditions the
peak in the correlation length becomes somewhat higher
and narrower as the SU (N) rank N is increased. It also
becomes slightly higher for larger lattice volumes. Since
the large-N limit can be also considered as thermody-
namic limit within the range of validity of Eguchi-Kawai
reduction, this behavior suggests that PCM with peri-
odic boundary conditions might indeed feature a finite-
temperature phase transition, at least in the large-N
limit.
In contrast, for twisted boundary conditions the shape
of the peak in the static correlation length is independent
ofN , once the data is considered as a function of the com-
bined length parameter ρ = NL0. The dependence of the
peak height on the spatial lattice size also cannot be dis-
tinguished within statistical errors. This behaviour is not
typical for a phase transition, but can be still compati-
ble with a weak crossover. If true, the crossover scenario
would be a challenge for the continuity conjecture, since
the phases separated by the crossover typically cannot be
analytically related to each other (a classical example is
the Berezinskii–Kosterlitz–Thouless transition).
By using the Gradient Flow, we have also studied the
structure of non-perturbative saddle points which domi-
nate the path integral of the PCM with both boundary
conditions. We have found localized non-perturbative ob-
ject with the properties expected for unitons, the unsta-
ble saddle points of the continuum PCM. In particular,
these objects have quantized action which scales linearly
with N . As expected, they also become effectively stable
for twisted boundary conditions, thus exhibiting the phe-
nomenon of emergent topology [3]>. We also find that
for twisted boundary conditions the geometric properties
of non-perturbative saddles change precisely at the posi-
tion of the possible crossover to the Dunne-U¨nsal regime,
which is yet another argument that this crossover might
be non-trivial.
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